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GROUP CLASSIFICATION
OF THE TWO-DIMENSIONAL EQUATIONS OF MOTION
OF A VISCOUS HEAT-CONDUCTING PERFECT GAS

V. V. Bublik UDC 517.95 + 519.46

1. General Statement of the Problem. The group properties of a system of differential equations
which describe plane (v = 0) and axisymmetrical (v = 1) motions of a viscous heat-conducting perfect gas
are investigated:
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Here p is the density, p is the pressure, p is the viscosity coefficient, & is the coefficient of heat conductivity,
¢ is the internal energy of the gas, ¢’ = de/dT, and T is the temperature.

The gas obeys the Clapeyron equation p = RpT. The internal energy of a perfect gas depends only on
temperature [1]. The coefficients of viscosity and of heat conductivity are also considered dependent only on
temperature:

v =pp/p), ===z(p/p), €=ce(p/p) (1.5)

For Eqgs. (1.1)-(1.4), the problem of group classification with respect to the arbitrary elements y, &,
and ¢ (2] is posed. The gas is considered essentially viscous and heat-conducting (4 # 0 and a # 0).

The full group of transformations is sought in the space of variables t, z, y, u, v, p, and p.

2. Equivalence Transformation. Group classification requires finding the equivalence group
admitted by Eqgs. (1.1)-(1.4). The following designations will be used everywhere:

q= (t,.’l:, y)» w= (u,v, P’P), T= (E,a K, 2, P'Iv&,)v h = (t’z, y,u)U»P,P)a
wk = ow /a4, wfj = duwk/o¢’, i = or'/on™
(k=1,...,4;¢,7=1,23 I=1,...,5, m=1,...,7).

To system (1.1}-(1.4) we add the following conditions on the functions g, @, and &', which are a
consequence of the assumptions (1.5):

=0 (ki=1,...,5); (2.1)
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ou_u  om_d 0 -

Op  Rp’ dp Rp’ dp Rp’ :
O _ _p 0= _ p# 0 po (2.3)
dp  Rp¥ O " Rp?’ dp Rp?’ ’

In system (1.1)—(1.4), the derivatives of viscosity and heat conductivity with respect to space are written in
the form -

O _(pz _pee) o On_(py ey}, 0= _ (s pps)

gz \p )P BT\ " 2) T\ )T

de Py ppy> , ' ) " !
— ==, = du/dT, & =de/dT, e =de [dT.
- (-2 = dul / /

For system (1.1)-(1.4), (2.1)-(2.3), we solve the problem of constructing the full group of
transformations of the space of variables ¢, z, y, u, v, p, P, 4 & €, p', and & with the admissible operator
Xt = 6'6 +1778,; + ko &, where &, 0, a.nd oF are functions of ¢, z, y, u, v, p, p, #, &, €, y', and &.

The coordinates of the prolonged operator X; = X°+ (;6 +¢ ,ca + ﬂ‘a i with allowance for (2.1),
are found from the formulas
¢ =Din' —wiD;i€*, (o =Dp(j~wiDet', B = Dje' —iDjn’ — D",
Here

Dj =08, +wid . +whde (7 =1,2,3);

t 7w
Di=8; (i=1,...,5); Di=08u+70: (k=5,7).

The difference in the calculation of the coordinates CJ‘ and ﬂ; arises from the fact that the variables u,
v, p, and p and €, y, &, ¢/, and & are present in different spaces.
Computation of the equivalence group leads to transformations that correspond to the operator

t8; + 0; + yOy + pOy + @0 + '8 + &' 0y (2.4)

and to the kernel of the full groups (v = 0, 1), which is written below.

3. Result of the Group Classification. Equations (1.1)—(1.4) are treated as a system of second-order
differential equations for four unknown functions: u, v, p, and p. The operator admitted by these equations is
sought for in the form

X = f'aq,- +170,;,
where fi, and 77 are functions of ¢, z, ¥, u, v, p, and p.

The algorithm for finding the full group [2] requires a large body of intermediate calculations. Thus,
the number of defining equations in this case equals 28192, and therefore they were derived on a computer.
The “Reduce” algebraic programming system [3] was written for these computations.

Computations lead to the classifying equations

o(rE-2(2)) =0, o(r5-2(2)) -0 (3.1)
o(ufa) =0, g’ =0 (3.2)
with the constant c related to the coordinates ¢* and 5* of the infinitesimal operator:
=cstert, &€ =vlcat+est+esy)+(cr+e)z, £ =cp+eat—vesz+(cr+ )y,

" =v(es+esv)teu, nP=ci—vesutev, 7°=(—cr+2w-—1)c)p, 7*=(—c1+ 2we)p.

In the determination of the kernel of the full groups it is assumed that the functions 4, @, and ¢ are
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TABLE 1

No. £ “ ® T Basis L,

1 f(%) g(f) h(%) 71 1,2,3,4,5,6,7

2 (—'?'—1,17 (%)w aeo(%)w 81,2,3,4,5,6,7,8
TABLE 2

X, X4 Xe X7 Xg
X1 0 0 0 X X,
X4 O 0 =X, 0 X
Xs| O X, 0 Xs O
X7 | =X 0 -Xe O 0
X | - X2 X4 0 0 0

arbitrary and, hence, ¢ = 0. Therefore, in the case of plane symmetry (v = 0), the kernel is the seven-parameter
group and, in the case of axial symmetry (v = 1), the kernel is the four-paramer group.

The specialization of the elements y, 2, and ¢ follows from Egs. (3.1) and (3.2).

Table 1 gives the result of group classification for the case of plane symmetry, accurate to the equivalence
transformations (2.4). Here f, g, and h are arbitrary functions of specified arguments and v # 1, w, and &y
are arbitrary constants. The basis of the principal Lie algebra is represented by the numbers of the operators

Xl = az) X2 = ay, X3 = taz + au, X4 = tay + av, X5 = yaz bt .‘an + vau e uav, X6 = 6[,
X7 =10; + 20, +y0y — p0p, — pOp, Xg =20z +y0y + uly + vy + 2(w — 1)pd, + 2wpdy.

In the case of axial symmetry, the equations do not admit the operators X3, X3, and X5 and in other
respects the result of the classification coincides with the result given in Table 1.

4. Exact Solutions. For a model of a polytropic gas with an exponential temperature dependence of
viscosity and of heat conductivity, invariant and partially invariant solutions were constructed. In this work
only some solutions to the equations of axisymmetric motion of the gas are given.

To distinguish classes of essentially dissimlar solutions, it is required to construct an optimal system
of subalgebras of the Lie algebra Ls = {X2,X4,X¢,X7,Xs}. For this purpose, the algebraic approach to
constructing the optimal system of subalgebras is used, which was recently developed in [4-6].

Table 2 is the commutator table for the algebra Lie Ls.

Table 3 gives actions of the internal automorphisms of the Lie algebra Ls on the coordinates of the
vector X = z'X;, where two discrete automorphisms, E; and Es, which correspond to reversal of the directions
of the y and t axes (in the first case) and of the y axis (in the second case), are added.

Table 4 shows the optimal system of subalgebras of the algebra Lie Ls. The first integer in the number of
the subalgebra is its dimension, and the second figure is its number among subalgebras of the given dimension.
The coefficient « can acquire any real value, and the coefficients § and v cannot acquire the values 0 and —1,
respectively. Self-normalized subalgebras are marked by the equality sign. The superscript means that in the
indicated subalgebra the value of the parameter is taken equal to the superscript (for example, 4.1° designates
the subalgebra 4.1 with a = 0).

As examples of exact solutions we consider the solutions obtained on the basis of three-dimensional
subalgebras. In this case invariant solutions are represented as a system of algebraic equations, and partially
invariant solutions are represented as a system of ordinary differential equations.
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TABLE 3

Automorphism z? z! z® z7 | 28
A, z? + az(z7 + %) zt z8 z7 | 28
Ay z2 — g4zt zt + 428 z8 27 | 28
As z? 4 agz? zt 26 + agz” | 27 | 28
Ay arz? zt arz® z7 | 28
Ag agz? agz? z6 z7 | 28
E, ~z? zt -z z7 | 28
E,; z? -zt ~z8 z7 | «8

By a physical solution is meant a solution of system (1.1)-(1.4) that satisfies the conditions p > 0 and
p>0.

The subalgebras 3.1 (a # —1), 3.4, 3.5, 3.6, 3.7, and 3.9 satisfy the necessary condition of existence of
an invariant solution [2, Theorem 19.3]. The solutions constructed on the basis of these subalgebras are given
below.

Submodel 3.1 (@ # —1). We consider the following cases:

(a) for & = 0 the solution has the form v = ug # 0, v =0, p = po/z, p = po/z, and the constants ug, pg, and
po are related by the relation

(P_o)‘” =3p
pPo 4 up’
(b) for & = —1/2, the solution is the rest:

u=v=0, p=poz™™, p=pez ),

(c) for other @ (a # 0 and « # —1/2), physical solutions exist only for w = 0, i.e., when p and z are constant

u= uOIa/(a+l), v = voxa/(a+l)’ p= pox—(2a+1)/(a+l), p= poz—l/(a+1).
The constants ug, vg, po, and pg can be related in two ways:
42 1
M vo =0, po = <Otpouo + 3 ;:1 >uo,
2 y-1 da—1  (a-1) 16 20 +1 y—1
1= 207 = )iy (40[7 3 —4 ) 3 (atl)? = 0;
(=207 =Moo + 4 T 72~ 3537 ~Yagz )t S agE B

o3 —8a+4) 1
a+1)2  po’

@) | 5o =

3
174 4 -1
a?(y - 1)v§+——g—-— ( 47+—(3a2—-8a+4)7—R—-aso—2a27—5a7- %) =0.

(a+1)3 p2 3 3
Submodel 3.4. Physical solutions exist only for w # 0:
-1
T
w i t t

v Jw-—-1
p=p0x2wt-2w——l’ (&) =__w 3

P 4 w2 Po—awPO-
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TABLE 4

Number of Basis Normalizer
Subalgebra
4.1 2,4,6, 7+ a8 Ls
4.2 2,6,7,8 =4.2
4.3 2,4,7,8 =4.3
4.4 2,4,6,8 Ls
3.1 2,6,7+ 08 4.2
3.2 2,4, 7+ a8 4.3
3.3 6,7,8 = 3.3
34 4, 7,8 =34
3.5 2,7,8 =3.5
3.6 2,44+6,7+8 =3.6
3.7 2,6,44+7 4.1°
3.8 2,4,6+8 44
3.9 2,6,8 4.2
3.10 2,4,8 4.3
3.11 2,4,6 Ls
2.1 6,7+ a8 3.3
2.2 4,7+ a8 4.4
2.3 2,74+ 68 3.5
2.4 7,8 =24
2.5 6,24+7-8 3.1°1
2.6 4,24+7-8 3.2°1
2.7 4,7-8 4.3
2.8 4+6,748 =28
2.9 2,4+7 3.20
2.10 2,7 4.3
2.11 2,6+8 3.9
2.12 6, 8 4.2
2.13 4,8 3.4
2.14 2,8 4.2
2.15 2,4+6 3.11
2.16 2,6 Ls
2.17 2,4 Ls
1.1 7+78 2.4
1.2 2+7-8 2.3°1
1.3 7-8 3.5
14 648 2.12
1.5 447 2.20
1.6 446 3.6
1.7 8 3.3
1.8 6 4.2
1.9 4 4.3
1.10 2 Ls




The constants vy, pg, and py can be related in two ways:

l-w 4 2 1 —w? aeo) a8y
= _— — - 2 =0
(a) vo=0, TPt (3 o7 =1) +3——5—5 )popo + 6w(w +1)Fpo = 0;
6w® (2w + 1) (1-w?)(w+3)a 2wi-w-2 2w+3 1
b = L — - .
®) e (2w + 3)(w — l)po’ v0 2wt Rt 2’ w? y-1
Submodel 3.5. Physical solutions exist only for w # 0 and w # 1/2:
2w-—-lz .z o 2(w=1),1-2w o 2wp—1-2w <Iﬂ)w _ Swpo _ 3p0
YE T ¢ VTN PERE I et (LA " \po/  w-—-1 8w?

The constants vg, pg, and pg can be related in two ways:

LRww+l)y—1 5 —dwit+dw -1 2 (1 (w+1)y-1 )
= e - - = e =0;
(a) v =0, il B 2Pt " (y=1)pg+ " 52 29 ) popo =0;
2w — 1 a0 ) 4’ +4w—3
2 _ _ 2 et 2 __ — = —_— 0.
(b) % = ot 1) 3,(2“”_1)(3(2“) 1)(2w +1) +2R(2w+3)(w+1)+4w 8w—3), p 23 (2w +1) °

Submodel 3.6. Physical solutions exist only for w = 0, i.e., when x and & are constants:

vg (5‘00 + 8)u0
= =1 = , = —,
u=uoVz, v=t+u, p 2(ugvg + 2)z+/7 P 2(uqvo + 2)V/z
-1 11 21 7-1
(57 R R —4—) ugvg + 2(9 FoE0- 27) u%vo
- -1 -1
+ 7 uovg + 7———1}8 + 167 a&gug = 0, ugup + 2 # 0.

R 2 R

Submodels 3.7 and 3.9 have no physical solutions.

Partially invariant solutions are a generalization of invariant solutions. In their construction an
overdetermined system of differential equations arises which requires a compatibility study, for example,
by an algorithm in {7]. This algorithm, providing an answer to the question of integrability of the system,
does not necessarily lead to a visible representation of the solution. We give herein only two partially invariant
solutions, which are reduced to invariant solutions and have the simplest form.

Submodel 3.10. The invariants of the subgroup are t, u/z, pz?(1~%) and pz~2%. We seek a solution
in the form

u = zuy(t), p= Iz(w_l)Pl(t), p= xzwpl(t)-

After compatibility analysis of system (1.1)—(1.4) for v, we obtain v = y/t + zp(t). The functions u1(t), ¢(t),
p1(t), and p;(t) are found from the equations

4 1 w
Py + 2wurpr + p1/t =0, P1 (ull + 1@) = —2wp; + —w<ul - —) (El—> ,

3 t/\p
1 2w+1 w
<P'+<u1+—— (p—‘> )cp=0,
t PL \p1
' -1 (m)wﬂ P 4 ( 1>2(p1)“ 2(1’1)“’
- +4w+l)—=ay|— ] —2wH+luipt —2(y-V)upr—y—+=-(y=-Diwi—=) {—) + — ] =0.
p1+4( )R o (wl)urpr = 2(y=1uip1 =77 3(7 =7 o) T\

Since the equations are solved with respect to the first derivative of all sought-for functions, the solution
is invariant under the theorem of reduction [2, Theorem 22.7].
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Submodel 3.11. Invariants of the subgroup: z, u, p, and p. We seek a solution in the form

u= u(x)v p= P(z)a p= p(x).
After studying the system of equations (1.1)~(1.4) for compatibility we obtain v = ¢;/zp and v = v(z).

Let us consider subalgebra in 2.16. It.is a subalgebra in 3.11 The invariant solution of submodel 2.16
has the form

u=u(z), v=v(z), p=p@), p=p),
i.e., submodel 3.11 is a particular case of submodel 2.16 (a more careful analysis shows that these two models
completely coincide). Since in the transition from submodel 3.11 to submodel 2.16 the rank of the solution
is preserved and the defect decreases by one, the partially invariant solution 3.11 is reduced to the invariant
solution 2.16.
Depending on the value of c;, the solution can be described in two ways:
(a) a1 # 0; the functions v(z), p(z), and p(z) satisfy the equations

LR

2 ' (3 w 3 '3 v 2w\p 3 “
et o () ) S ) 5 )

p P 4" \p 2 p 4\az?\p p/zp 4z?
R 4C2Rpl2 plpl R p\Y
1 2 1 2
SR W
P aeopv Saolp? +{w+2) ; a a):z: pp »
R az®pR /p\¥ 3 4 [(p\*Y 3dw+4d , 0
+4ct— + ———-———(-—) — —CiT (—) - z
Yao | a@(y-1)\p 17T 2 P)Tag

2 R v 3z%pp/p\* 3 ' (4R 3 w
- (man() + =) rer)E- G- e(p) )=
P ag(y—~1)\p 4 \p 2 z ap 4 "\p/ /z
(b) &1 =0, p = po; the functions v(z), and p(z) are restored from the equations

1 w42\p cp!
pu+<__ )p__ .

z  p Jp  poz

The remaining partially invariant solutions, which are constructed on the basis of three-dimensional
subalgebras, have a cumbersome form and are not given here.
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REFERENCES

1. L. V. Ovsyannikov, Lectures on Foundations of Gas Dynamics [in Russian], Nauka, Moscow (1981).

2. L. V. Ovsyannikov, Group Analysis of Differential Equations [in Russian}, Nauka, Moscow (1978).

3. A. C. Hern, REDUCE User’s Manual: version 3.3, RAND Publication, Santa Monica (1987).

4. L. V. Ovsyannikov, The SUBMODEL Program, Novosibirsk, (1992).

5. L. V. Ovsyannikov, “The SUBMODEL program. Gas dynamics,” Prikl. Mat. Mekh., 58, No. 4, 30-55
{1994).

6. L. V. Ovsyannikov, “On optimal systems of subalgebras,” Dokl. Ross. Akad. Nauk, 333, No. 6, 702~
704 (1993).

7. M. Kuranishi, Lectures on I[nvolutive Systems of Partial Differential Equations, Sao Paulo (1967).

176



